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Abstract –We discuss the properties of thermal electromagnetic radiation produced by a neutral 
polarizable nanoparticle moving with an arbitrary relativistic velocity in a heated vacuum 
background with a fixed temperature.  We show that the particle in its own rest frame acquires 
the radiation temperature of vacuum, multiplied by a velocity-dependent factor, and then emits 
thermal photons predominantly in the forward direction. The intensity of radiation proves to be 
much higher than for the particle at rest. For metal particles with high energy, the ratio of emitted 
and absorbed  radiation power is proportional to the Lorentz-factor squared. 
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1. Introduction 
Since the pioneering works by Lebedev on measuring the pressure of light (1899) and Planck on 
the quantum nature of electromagnetic radiation and thermal radiation emitted by heated bodies 
(1900), the problem of the interaction of electromagnetic field with matter has been in the focus  
of many researchers in the past century and up to the present time. In particular, the questions 
relating to the confusing transformations of temperature and spectral distributions of thermal 
radiation of large-size bodies in different inertial reference systems are intensively discussed so 
far (see [1--4] and references).   
       In this work, we attack the problem of thermal radiation emitted by a neutral moving particle 
of a small size, relaxing the assumption of thermal and dynamical equilibrium between the 
particle and vacuum environment. Since the conditions of geometrical optics are not fulfilled for 
the particles with a size lesser than the Wien wavelength, the formalism which is used to 
determine the drag caused by the black body radiation [5] is not applicable in the problem of 
thermal radiation of such particles. We consider two inertial reference frames, one of which is 
co-moving with the particle (own reference frame) and the other one is related with the reference 
frame of vacuum (thermalized photonic gas). We also assume that the particle and vacuum are 
characterized by different local temperatures which are well defined in the corresponding 
reference frames. As a result, we obtain a full set of equations describing the dynamics of 
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relativistic particle, its thermal state in the co-moving reference frame and the intensity of 
radiation in the reference frame of vacuum. The particle emission turns out to be considerably 
higher than absorption depending on the Lorentz-factor. Thermal radiation is concentrated within 
a narrow cone within the direction of the particle velocity, while its intensity is governed by the 
temperature of the background and dielectric properties of the particle. To demonstrate these 
results, we have carried out numerical calculations in the case of metallic (gold) particles with a 
size of  5 and 50  nm.   
 
2. Theory 
Consider a small particle of radius R  uniformly moving with velocity V  through a thermalized 
photonic gas with temperature 2T  (fig. 1). Let the surface σ  encircles the particle at a large 
enough distance so that the fluctuation electromagnetic field on σ  represents the wave field. The 
reference frames  Σ  and Σ′  correspond to the reference frames of the photonic gas (background 
radiation) and particle, respectively. Initially, the particle has the temperature 1T  in its own 
reference frame. We also assume the validity of  conditions 
)/2,/2min( 21 TkcTkcR BB hh ππ<< . In this case, when emitting thermal photons, the particle 
can be considered as a point-like dipole with fluctuating dipole and magnetic moments 
( ), ( )t td m , and its material properties are described by the frequency-dependent dielectric and 
(or) magnetic polarizabilities  )(ωα e  , )(ωαm . 
        According to the conventional form of the energy conservation law in the system (the 
system of vacuum in this case)  within the volume Ω  restricted by the external closed surface σ  
we may write [6]                                                                                                                                               
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σr  ,                                                                                               (1) 
where     
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and 
HES ×= π4
c .                                                                                                                             (3) 
denote the energy of fluctuating electromagnetic field in the volume Ω    and the Poynting vector 
of this field. The second term in (1) represents the Joule energy dissipation integral, and the 
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angular brackets in (1)—(3) denote total quantum and statistical averaging. Within the 
quasistationary approximation used, 0/ =dtdW , and from (1) we obtain the general expression 
for the intensity of radiation 
 
21
3 IIrddI −≡⋅−=⋅= ∫∫
Ω
EjS
σ
σr ,                                                                                            (4) 
where )( 111 TII =  determines the intensity of thermal radiation emitted by the particle in 
vacuum, and )( 222 TII =  is the absorbed intensity of the background radiation. 
          Our next step is to represent the right-hand side of  Eq. (4) in a more convenient form. In 
the case of stationary electromagnetic fluctuations, using relativistic transformations for the 
current density, electric field and volume in systems Σ  and Σ′ , we obtain ( )/ cV=β  [7,8] 
 
dtdQVFrdrd x /1
1
1
1
2
3
2
3
ββ −≡⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅−⋅−=′′⋅′ ∫∫ ΩΩ′ EjEj ,                                                     (5) 
 
HmEd ⋅+⋅= &&dtdQ / ,                                                                                                         (6) 
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( )∫∫ ⋅+⋅∇=×+= HmEdHjEF rdcrd 33 1ρ .                                                                    (8) 
 
In Eq. (5), xF  is the projection of F  onto the velocity direction (only this component of force 
differs from zero in this case). The points above the dipole moments in (6) denote the time 
derivative. Obviously, tdQd ′′ /  determines the heating rate of the particle in the co-moving 
frame of reference.  
      Using (4), (5) yields 
 
⎟⎠
⎞⎜⎝
⎛ +−=−= VF
dt
dQIII x21 ,                                                                                                         (9) 
 
where dtdQ /  and xF  are given by Eqs. (6) and (8). The relationship between tdQd ′′ /  and 
dtdQ /  through (5) and (7) formally corresponds to the Planck formulation of relativistic 
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thermodynamics assuming that Q  is associated with the amount of heat in the reference frame 
Σ . However, this is only an ad hoc assertion. At this point, really important for us is the quantity 
Q′  which is a priori  related to the amount of heat in Σ′ . This allows one to calculate the 
temperature 1T  in Σ′  during the particle motion. Thus, in principle, our further results may shed 
some light to the problem of relativistic temperature transformation. 
      Equations (5)—(9) are the basis in our further calculations of the intensity of thermal 
radiation. In configuration shown in Fig. 1, the general expressions for Q&  and xF  were obtained 
in our previous works  [9, 10] within the framework of fluctuation electrodynamics.  Following 
our method of calculation, the quantities on the right-hand sides of (6) and (8) are written as the 
products of spontaneous and induced quantities (sp, ind), namely 
 
spindindspspindindsp/ HmHmEdEd &&&& +++=dtdQ ,                                                     
 
( )spindindspspindindsp HmHmEdEd +++∂= xxF . 
 
All the quantities in these equations have to be Fourier-transformed over the time and space 
variables yxt ,, z . The points above the dipole moments indicate the time differentiation. The 
induced dipole moments indind ,md  have to be expressed through the fluctuating fields  spsp , HE  
via linear integral relations. The induced fields  indind , HE  have to be expressed through spsp ,md  
when solving the Maxwell equations containing the fluctuating currents  induced by the dipole 
moments spsp ,md . The arising correlators of the dipole moments and fields are calculated with 
the help of fluctuation-dissipation relations. Omitting the details, the resultant expressions have 
the form [9, 10]   
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where 2/12 )1( −−= βγ  and )(ωα ′′  denote the imaginary part of the sum )()()( ωαωαωα me += . 
It is worth noting that a nonrelativistic limit of Eq. (10) was first obtained in [11], while the 
relativistic result was also derived in [12]. According to (9)—(11), one can write  
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and 
( ) ( )[ ] 112
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−++′′+= ∫∫ TkxxxdxdcTI Bβωγβωγαβωωπ γ hh .                      (13) 
Equation (12) describes an experimentally measurable intensity of thermal radiation of a moving 
particle and corresponds to the generalized Kirchhoff law: at total dynamical and thermal 
equilibrium ( 0=β  and 21 TT = ) we obtain 0=I , i. e. the balance between the absorption and 
emission. At 0≠β , this balance  is violated, and the particle emits more photons than absorbs. 
The emitted intensity of thermal radiation is given by Eq. (13), according to which the 
frequency-angular distribution takes the form (one has to put θcos≡x  in (13) where θ  is the 
angle between the emission direction and  particle velocity) 
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In what follows we discuss the case of the particle polarization corresponding to the low-
frequency limit of the Drude dielectric permittivity: ωσπωε /4)( 0⋅= i , where  0σ  is the static 
conductivity. Respectively, the electric and magnetic polarizabilities of a small particle of radius 
R  are given by  [13] 
 
0
3 4/3)( σπωωα Re =′′  ,                                                                                                             (15a) 
 6
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0
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ωσπχωπσωα ⋅≡−=′′ ,                                                                     (15b) 
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3. Contribution of the electric polarizability 
We first consider the contribution of the electric polarizability )(ωα e′′ . Using (15a), integrals 
(10)—(13) are calculated explicitly    
 
⎥⎦
⎤⎢⎣
⎡ +−
+−= 61622
2
0
4
34
)1(
)5/1(
21
8 ϑϑβ
ββσ
π
c
RFx
h  ,                                                                              (17)  
⎥⎦
⎤⎢⎣
⎡ −−−
++= 612622
42
0
3
34
)1(
)1(
5/21(
21
8 ϑβϑβ
ββ
σ
π
c
RQ h&  ,                                                                (18) 
⎥⎦
⎤⎢⎣
⎡
−
+−= 622
2
6
1
0
3
34
)1(
)1(
21
8 ϑβ
βϑσ
π
c
RI h  ,                                                                                           (19) 
6
1
0
3
34
1 21
8 ϑσ
π
c
RI h= ,                                                                                                                      (20) 
where we have used the notation h/iBi Tk=ϑ  ( )2,1=i . 
      Integrating (14) over frequencies yields 
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The angular intensity in the forward direction is given by 
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 Since tdQd ′′ /  represents the heating rate in the rest frame of the particle, with allowance for 
the relation 2/12 )1( β−⋅=′ dttd  we obtain 
 
dtdTCtddTCtdQd /)1(// 1
2/12
010
−−=′=′′ β ,                                                                           (23) 
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where 0C  and 1T  are the heat capacity and the particle temperature in Σ′ . Using (5), (7) and (23) 
yields   
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Since β   depends on time, Eq. (24) should be solved together with the dynamics equation 
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2/32 )1(/ ββ −=  .                                                                                                         (25) 
 
In particular, from (25) and (17) it follows that (introducing the particle mass 3
3
4 Rm ρπ=  with 
ρ  being the mass density) 
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According to (26) and assuming const=0σ , the characteristic time scale of particle deceleration 
is given by  
6
2
0
5
32
7
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c
V .  
At the same time, Eq. (24) reduces to (introducing ss CRmCC ρπ 30 3
4==  with sC  being the 
specific heat capacity) 
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According to (27) and assuming const=0σ , 21 TT ≠ , constT =2 , the characteristic time scale of 
thermal relaxation is  
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and one obtains 1// 22 <<= cTCsVQ ττ . Thus, for gold ( KkgJCs ⋅= /129 , KT 3002 = ) one 
obtains sQ
310≈τ  ,  13103.4/ −⋅=VQ ττ  and the ratio VQ ττ /  becomes still lower with 
decreasing 2T . 
      Such a large difference between Qτ  and Vτ   implies that thermal state of particle and its 
temperature 1T  can be calculated assuming that const≅β . This is confirmed by more accurate 
numerical calculations in Sect. 4. 
      In particular, from (27) (if 0σ  is temperature independent) it follows that temperature 1T  of 
the particle reaches the stationary value depending on 2T  and meets the steady-state 
conditions 0=Q&  and 0/1 =dtdT  : 
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This mechanism is restricted by the condition mTT <1 , where mT  is the melting point of the 
particle. Then at 1>>γ  we obtain 2/32 )2.1/( TTm≤γ . The process of particle evaporation and 
ionization (at higher temperatures) needs a special consideration. 
       Substituting (28) in (17)--(20) yields 
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Moreover, the steady-state angular intensity of radiation is given by 
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During steady-state motion of the particle kinetic energy is entirely converted into radiation. 
Therefore, the total energy emitted up to stopping is equal to 2)1( mcs −γ , where sγ  corresponds 
to the instant of the onset of equilibrium.  
     
4. Numerical calculations 
Studying the contribution of the magnetic polarizability needs a numerical calculation, since the 
nanosized particles made of good conductors have large magnetic polarization [8,14].  For a 
numerical example we have chosen the case of gold particle using Eqs. (10)—(13) with 
allowance for electric )(ωα e  and magnetic )(ωαm  polarizabilities (15) and (16). Since the 
conductivity 0σ  and specific heat capacity sC  of gold are strongly dependent on temperature 1T , 
the tabulated dependences of these parameters  were taken from [15].  
     The equilibrium ratio 21 /TT  was numerically calculated from Eq. (11) under the condition 
0=Q&  and the resultant dependences of 21 /TT   on the Lorentz-factor  γ    are shown in Fig. 2 . It 
should be emphasized once again, that the calculated steady-state temperature 1T  corresponds to 
the own reference frame of the particle (co-moving reference frame). As one can see from Fig. 2, 
the ratio  21 /TT  decreases with increasing the particle radius. This is the consequence of specific 
dependence of the magnetic polarizability on  the particle radius. The corresponding dependence 
on temperature 2T  is not so noticeable at a fixed R .  Moreover, we can conclude that at 1>>γ  
the dependence of 21 /TT  is described by Eq. (28) (solid line) for particles with a radius of 
several nanometers. 
       Assuming const=β and constT =2 , we  calculated the dependence )(1 tT  and the time τ  
needed to reach the equilibrium temperature )(1
eqT , provided that the initial particle temperature 
1T  is known. In this case the equation similar to Eq. (27) with allowance for the magnetic 
polarization contribution in the right-hand side was solved numerically.  Figure 3a shows the 
calculated values of τ  depending on the Lorentz factor γ . 
   .  In Fig. 3a, the bottom curve (symbols “+”) is interrupted since the particle is heated and its 
temperature reaches the melting point with further increase in  γ  . As we can see, the value of τ  
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depends on the radiation temperature of vacuum and the particle radius and varies in a rather 
wide interval from 410−  to s810 . Shorter times τ  for bigger particles (circles and crosses) are 
explained by the lower values of 21 /TT  at equilibrium (Fig. 2).  
        Figure 3b shows the time of fading ( e/1τ ) the particle velocity by e  times depending on the 
initial relativistic factor 0γ  and assuming different thermal conditions. The solid and dashed 
curves correspond to the conditions of constant temperature of the particle ( K300 ) and a 
vacuum background ( K7.2 ), and a particle radius of nm5  (solid line) and nm50  (dashed line). 
The dashed-dotted and dotted lines correspond to the case where the particle temperature reaches 
a steady-state value (Fig. 2) corresponding to a vacuum radiation temperature of K7.2  (dashed-
dotted line) and K300 (dotted line), and the particle radius of nm5 . The dotted line is interrupted 
since the particle temperature reaches the melting point. Comparing the times τ  and e/1τ   
confirms the conclusion in Sect. 3 that the process of thermal relaxation proceeds much faster 
than the process of deceleration (cf. the interrupted lines in Figs. 3a and 3b, the solid line in Fig. 
3b and the line shown by squares in Fig. 3a). It is worth noting that the upper two lines in Fig. 3b 
demonstrate the minimum values of e/1τ  for the chosen initial conditions while the thermal 
relaxation significantly increases the time of velocity fading. 
        Figure 4a,b shows the calculated intensities of the steady-state thermal radiation (a)  and 
absorption (b) normalized to 3R   ( 31 / RI and 
3
2 / RI , respectively). Unlike temperature 1T  
corresponding to the reference frame Σ′  , the aforementioned intensities correspond to the 
reference frame of vacuum, Σ . The lines shown by symbols “+” correspond to only the 
contributions from the electric polarization (Eqs. (30), (31)).  Due to the 3−R  normalization, the 
latter curves are universal and do not depend on the particle radius. From Fig. 4 we can conclude 
that in the case of good metals (such as gold), the contribution of the magnetic polarization 
dominates in the thermal radiation intensity of moving particle and it should necessarily be taken 
into consideration for particles with  radii from units to tens nanometers. 
       Figure 5 shows the ratio 21 / II  of the steady-state emission and absorption intensities (in the 
reference frame of vacuum). Solid  line is the fitting dependence 98.12γ  , which is very close to 
the dependence 221 / γ=II  following from Eqs. (30) and (31) at 1>>γ  (i.e. with allowance for 
only the electric polarization). In the limit 0→β , the difference between 1I  and 2I   tends to 
zero and does not depend on the particle radius as it should be at equilibrium. For example, at  
1.0=β  one obtains 015.0/)( 121 =− III . 
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4. Summary and conclusions 
To conclude, we have obtained a complete set of equations describing the fluctuation-
electromagnetic interaction of a small polarizable particle moving with an arbitrary velocity 
through the vacuum background of a certain temperature: characteristics of the vacuum-assisted 
radiation, friction force and the rate of heating (cooling) of the particle. We have shown that the 
particle in the co-moving frame acquires the radiation temperature of vacuum, multiplied by the 
function of the Lorentz-factor γ , and then emits thermal photons predominantly in the forward 
direction up to stopping. The time of thermal relaxation is considerably smaller than the time of 
stopping and depends on the initial conditions. The intensity of emission (at steady-state 
conditions with 1>>γ ) is much higher than for a particle at rest. Thus, the ratio of the emitted 
and absorbed radiation power is proportional to 2~ γ . For metallic particles with high 
conductivity the contribution from the magnetic polarizability dominates. Our results do not 
contradict the idea that there is no universal relativistic temperature transformation [2]. 
      In addition to the basic theoretical value, the results may be of great interest for the 
laboratory experiments related to creating new sources of directional microwave radiation, 
particle trapping in cavities, and for astrophysics. Astrophysical applications can be associated 
with studying the evolution of comet tails, observation of microwave cosmic radiation upon 
gravitational compression of gas and dust clouds and accretion onto massive cosmic objects. 
Directional effect of thermal radiation of nanosized moving particles can affect an observed 
anisotropy of the primary 2.7 K blackbody radiation. 
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                                                        FIGURE CAPTIONS 
Fig. 1. The reference systems of vacuum (Σ ) and particle (Σ′ ). 1S  and 2S  denote the Poynting 
vectors of the emitted and absorbed radiation, σ  is the wave-surface. 
 
Fig. 2 Equilibrium ratio 21 /TT  depending on γ . Squares: KTnmR 7.2,5 2 == ; circles: 
KTnmR 7.2,50 2 == ; rhombs: KTnmR 50,50 2 == ; crosses: KTnmR 50,5 2 == . Numerical 
calculation was performed with allowance for the electric and magnetic particle polarization. 
Solid line: calculated by Eq. (28). 
 
Fig. 3a. Time establishing a steady thermal state depending on the Lorentz-factorγ  at different 
initial conditions. Squares: nmRKTKT 5,7.2,300 21 === ; circles: 
nmRKTKT 05,7.2,300 21 === ; rhombs: nmRKTKT 5,50,7.2 21 === ;  crosses: 
nmRKTKT 05,50,7.2 21 === ; symbols +: nmRKTKT 5,300,7.2 21 === . The interrupted 
line corresponds to the case where the particle reaches the point of  melting. 
 
Fig. 3b. Time of fading ( e/1τ ) the particle velocity by e  times depending on the initial relativistic 
factor 0γ  and different thermal conditions. Solid line: nmRKTKT 5;7.2;300 21 === ; dashed 
line: nmRKTKT 50;7.2;300 21 === ; dashed-dotted line: nmRKTTT eq 5;7.2; 2)(11 === ; 
dotted line: nmRKTTT eq 5;300; 2
)(
11 === . 
                                               
Fig. 4a,b. Dependences of the reduced steady-state emission intensity 31 / RI  (a) and absorption 
intensity 32 / RI   (b) on the Lorentz factorγ . Squares: nmRKT 5,7.22 == ; circles: 
nmRKT 50,7.22 == ; rhombs: nmRKT 5,502 == ; crosses: nmRKT 50,502 == ; symbols +: 
contribution from the electric particle polarization only ( nmRKT 50,7.22 == ). 
 
Fig. 5. The ratio of the intensity of radiation to the intensity of absorption at steady-state 
conditions. Squares: nmRKT 5,7.22 == ; crosses: nmRKT 50,7.22 == ; symbols +: 
nmRKT 5,502 == ; solid line –fitting curve 95.121 2/ γ=II . 
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